
Problem Set 5
Game theory and applications

Fall 2019

This problem set is due in class on December 3. All students must submit
problem sets individually.

1. Suppose that the state of the world ω is either zero or one with equal probabilities. Let s
be some event such as a particular signal realization. Assuming that all relevant events have
positive probability (so there are no divisions by zero) prove that

Pr(s|ω = 1)
Pr(s|ω = 0) = Pr(ω = 1|s)

Pr(ω = 0|s) .

Use this result to complete the argument for the updating rule discussed in class in the
context of the Eyster-Rabin model.

2. Consider the following signaling game. There are two players, a plaintiff and a defendant
in a civil suit. The plaintiff knows whether or not he will win the case if it goes to trial,
but the defendant does not have this information. The defendant knows that the plaintiff
knows who would win, and the defendant has prior beliefs that there is probability 1/3 that
the plaintiff will win; these prior beliefs are common knowledge. If the plaintiff wins, his
payoff is 3 and the defendant’s payoff is −4; if the plaintiff loses, his payoff is −1 and the
defendant’s is 0. (This corresponds to the defendant paying cash damages of 3 if the plaintiff
wins, and the loser of the case paying court costs of 1.)
The plaintiff has two possible actions: He can ask for either a low settlement of m = 1 or
a high settlement of m = 2. If the defendant accepts a settlement offer of m, the plaintiff’s
payoff is m and the defendant’s is −m. If the defendant rejects the settlement offer, the
case goes to court. Solve for all the pure-strategy perfect Bayesian equilibria (PBE) strategy
profiles. For each such profile, specify the posterior beliefs of the defendant as a function of
m, and verify that the combination of these beliefs and the profile is in fact a PBE. Explain
why these are the only pure strategy PBE.

3. Consider the following two player extensive form game with perfect information. The
game starts by player 1’s (the principal) decision to hire (H) or to not hire (N) player 2 (the
agent). If player 1 does not hire, then the game ends with zero payoffs to both parties. If
she chooses to hire, then player 2 decides to work (W) or to shirk (S) where u1(H,W ) = 1,
u1(H,S) = −1, u2(H,W ) = 1 and u2(H,S) = 2.
Consider a finite repetition of the above game, where a single long-lived agent faces a sequence
1, ..., K of short-run principals. All players observe past history of actions. The payoff of the
kth principal is her payoff at stage k, the payoff of the agent is the sum of his payoffs in all
stages.
Suppose that before the game starts, Nature determines a type for the agent in the set
{R(egular), D(iligent)}: Pr(R) = 1− ε and Pr (D) = ε > 0. The diligent type always works
if hired. The payoffs and strategies available to the regular agent are as above. The agent
knows his type but the principals don’t. Let µk denote the belief of principal k that the
agent is diligent, where µ1 = ε by definition.
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(a) When K = 1, characterize the principal’s optimal decision as a function of ε. What is
the perfect Bayesian equilibrium?
For the rest of the problem, assume that K = 2. The remaining parts will guide you through
solving for the perfect Bayesian equilibrium.
(b) What is the PBE when ε > 1/2? To answer, note that your result from (b) can be
interpreted as characterization of equilibrium in the second stage as a function of µ2.
(c) Now suppose that ε < 1/2. Show that in any PBE, if the agent is hired in the first stage,
he will mix between work and shirk.
(d) Continue to assume that ε < 1/2. Show that in any PBE, if the outcome of the first
stage is (H,W ), the principal will mix between H and N in the second stage. What does
this imply about µ2 after (H,W )? Use this result to compute the probability q that a regular
agent plays W if hired in the first stage.
(e) Characterize the hiring decision of the principal in the first stage as a function of ε.
What is the equilibrium payoff of the agent as a function of ε? Compare your result to the
one-period model.
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