
Problem Set 4
Game theory and applications

Fall 2019

This problem set is due in class on November 12. All students must submit
problem sets individually.

1. Consider a Cournot game in which firms i = 1, 2 with zero marginal cost of production
choose quantities qi ≥ 0 and the resulting price is P (q1, q2) = max(1− (q1 + q2), 0).
(a) What are the static Cournot equilibrium actions and payoffs? What are the fully collusive
(equal payoffs, joint profit maximizing) actions and payoffs?
(b) Show that in the infinitely repeated game, punishments which involve a permanent
reversion to the static Cournot equilibrium can support full collusion as a subgame perfect
equilibrium provided that δ > 9/17.
(c) What is the set of feasible and individually rational payoffs in the Cournot game?
(d) In answering (c) you should have noted that the feasible individually rational payoff
vectors for the Cournot game include some in which the players receive lower payoffs than
they would if they repeatedly played the static Cournot equilibrium. Show that the symmet-
ric strategy profile (q, q) described below is a subgame perfect equilibrium in the infinitely
repeated game if δ > 2/3, and that the lifetime payoff players receive from it corresponds to
a payoff vector in which each player earns less than the Cournot profit.
Strategy q is defined with two phases. Phase A: play qt = 3/8. Phase B: play qt = 1/2.
When t = 0 start in phase A. If t > 0 and in the previous period players followed q then
go to phase A. Otherwise go to phase B. (Note, this means that the punishment in phase B
after a deviation lasts for only one period.)

2. Consider a finite symmetric stage game. Assume there is a symmetric mutual minmax pro-
file m∗ in pure strategies, i.e., a symmetric strategy profile m∗ such that maxai

g(ai,m
∗
−i) = v.

Let ā denote the pure strategy symmetric equilibrium with the highest payoffs, and let e
denote a symmetric pure strategy profile such that gi(e) > v. Show that in the infinitely
repeated game, for sufficiently large discount factors, the payoff of e can be attained with
strategies that have two phases. In phase A, players play m∗. If players conform in phase A,
play switches to phase B with a probability specified by the equilibrium strategies. If there
are any deviations, play remains in phase A with probability one. In phase B, play follows
strategies ā.

3. Two players are working together to try to complete a project. When players 1 and 2
choose effort levels e1, e2 ∈ [0, 1], the probability that the project is successfully completed
is 1

2(1 + e1)e2. Assume that player i receives a utility of 1 if the project is successful, and
incurs a disutility of effort of cie

2
i , so that her expected payoff in the game equals

ui(e1, e2; c1, c2) = 1
2(1 + e1)e2 − cie

2
i .
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Assume it is common knowledge that c2 is equal to one, but that c1 is known only to player
1, with player 2’s prior being that nature chooses c1 from the probability density function

f(x) =


2
5x if x ∈ [2, 3]
0 otherwise

Find the Bayesian Nash equilibrium of this game.

4. Consider the following game. Players 1 and 2 have types v1, v2 respectively; the two
types are independent, and they each are distributed according to the uniform distribution
on [0, 2]. Players 1 and 2 simultaneously choose between actions In and Out. If a player
plays Out, her payoff is 0, regardless of the types and of the play of the other player. If she
plays In, her payoff is (v1 + v2) /2− 1 if the other player plays Out, and 0 if the other player
plays In.
a) What is the set of player i’s pure strategies? What is type v1’s expected payoff to In for
a given strategy of player 2?
b) Find a symmetric pure-strategy Bayesian equilibrium of this game, that is, an equilibrium
profile in which each player’s strategy is the same map from type to action. (Hint: look for
an equilibrium with a symmetric “cut-off” v∗ such that each player plays In when her type
exceeds v∗.)
c) Show that in any (not just symmetric) Bayesian equilibrium, each player’s strategy is
described by a cut-off rule: Player i plays In if her type exceeds some critical level v∗

i and
plays Out if her type is lower than that level. (Hint: Remember the strategies “Always In”
and “Always Out” correspond to the cutoffs 0 and 2, respectively.)
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