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1. Repeated games with observed actions

• Stage game: finite simultaneous-move I -player game with action
spaces Ai , payoffs gi (a).

• Repeated game: Players play stage game each period, actions
observed at the end of each round.

• Multi-stage game with observed actions, where history ht is profile of
all past actions.

• A pure strategy for i maps ht to ai ∈ Ai .

• Payoff is discounted sum of per-period payoffs.

ui = (1− δ)
T∑
t=0

δtgi (at).

• δ represents both time preference and possibility of game ending.
• Simplest model of strategic interaction over time.

• Competing firms, workers and managers, business partners, etc.
• Finitely repeated game: with a fixed and known end date T .

• If stage game has a unique NE, repeated game has a unique SPE.
• Infinitely repeated game: no finite known end date.

• Repeating NE of stage game is always SPE, and for δ small only SPE.
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Nash-threats folk theorem (J. Friedman)

• Thm. Let α∗ be static NE and a action profile with gi (a) > gi (α
∗)

for all i . Then there is δ < 1 such that for all δ ∈ (δ, 1) there is an
SPE in which a is played each period on equilibrium path.

• Proof : consider following strategy described in phases:
• Phase A: each player i plays ai . Stay in phase A as long as outcome

is a, otherwise go to phase B.
• Phase B: each player i plays α∗

i . Stay in phase B forever.

• Use one-stage deviation condition to check SPE.
• After histories which depart from “always a”, static NE admits no

deviation.
• After history of “always a”, sufficient condition for no profitable

one-stage deviation:

(1− δ)v̄i + δgi (α
∗) < gi (a) where v̄i = max

a
gi (a).

• Holds if we set

δ = max
i

v̄i − gi (a)

v̄i − gi (α∗)
< 1.
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2. Application: collusion

• 2 identical firms play infinitely-repeated Bertrand game.
• Monopoly profit is defined as ΠM = maxp≥0(p − c)D(p) and

maximizer pm is monopoly price.
• When can equal sharing of monopoly profits be supported by

Nash-reversion strategies in SPE?

(1− δ)ΠM/2 ≤ δΠM/2 which holds when δ ≥ 1/2.

• Collusion enforced without explicit contracts.
• Discount factor measures lag between cheating and punishment, so

that faster detection allows for greater collusion.

• Quote from American Hardwood Manufacturer’s Association (1918):

Knowledge regarding prices actually made is all that is necessary to
keep prices at reasonably stable and normal levels....By keeping all
members fully and quickly informed of what others have done, the
work of the Plan results in a certain uniformity of trade practices...
Cooperative competition, not cut-throat competition.

• But note, SPE only predicts collusion as one possible outcome.
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Collusion over the business cycle

• In each period, demand is high or low with probabilities q and 1− q.

• Monopoly profits in high and low periods are ΠM
H > ΠM

L .

• When can equal sharing of monopoly profits be supported by
Nash-reversion strategies in SPE?

(1− δ)ΠM
H /2 ≤ δ

[
qΠM

H /2 + (1− q)ΠM
L /2

]
(1− δ)ΠM

L /2 ≤ δ
[
qΠM

H /2 + (1− q)ΠM
L /2

]
.

• First condition implies second, and cutoff δ∗ > 1/2.

• When δ∗ > δ > 1/2, maximum collusion that can be supported in
the high state satisfies

(1− δ)Πδ
H/2 = δ

[
qΠδ

H/2 + (1− q)ΠM
L /2

]
.

• Model predicts counter-cyclical markups: lower markups in booms
than in recessions.

• Consistent with some evidence in macro.
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3. The merchant guild

• Grief, Milgrom and Weingast (1994): why does a state with
sufficient coercive power to enforce contracts and property rights
not confiscate wealth?

• In medieval cities such threats were sometimes realized.
• Hypothesis: merchant guilds were a countervailing power

coordinating multilateral punishment by many traders.
• Merchants clearly needed security to operate.

• Genovese quarter in Constantinapole was attacked by Pisans in 1162,
by Venetians in 1171, and by a mob which destroyed all Italian
quarters in 1182.

• Rulers did sometimes renege on contractual obligations, and
merchants punished them.

• Around 1050 Muslim ruler of Sicily set 10 % tariff (instead of 5% in
Islamic law). Traders responded by embargo and traded in Tunisia.

• In 1340 ruler of Tabriz confiscated goods of many Genovese traders.
Genova responded by declaring a commercial embargo.

• Tabriz retracted, but then didn’t keep promise and many Genovese
were killed, resulting in another embargo.

• Poorly organized German embargo against Bruges failed in 1280.
Better organized Hansa embargo in 1358 succeeded.
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The merchant guild: model

• Infinite horizon model with two kinds of players: city and merchants.

• Merchants are identical and identified with points in interval [0, x̄ ].
• Each period traders choose to come to the city. If x traders pass

through city, gross trade is f (x).
• f (x) ≥ 0, f (0) = 0, f is differentiable and achieves its maximum at

finite x∗, which is the efficient level of trade.

• Trade costs c per unit to the city, and κ per unit for traders.
• So net value of trade is f (x)(1− c − κ).
• c + κ < 1: trade is efficient.

• City earns revenue by charging an (exogenous) tax τ ≥ c .

• If city provides promised services, its revenue is f (x)(τ − c).

• If city denies services to share ε of traders, it saves εcf (x) and hence
earns f (x)[τ − c(1− ε)].

• Each uncheated trader earns (1− τ − κ)f (x)/x .

• Each cheated trader earns −(τ + κ)f (x)/x .

• All players discount the future by δ.
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Game 1: informationally isolated players

• Traders only observe their own past interactions with the city.
• Hence only bilateral reputation mechanisms are possible.

• Proposition 1. No Nash equilibrium of this game can support
honest trade (εt = 0) at the efficient level (xt = x∗) regardless of
the levels of c , τ, κ or δ.

• Proof: consider a deviation by city of cheating fraction ε of
first-period traders.

• Denoting γ = δ/(1− δ) total payoff as a function of ε is at least

f (x)[τ − c(1− ε)] + γ(τ − c)f (x(1− ε)).

• Derivative at ε = 0 is

cf (x∗)− γ(τ − c)x∗f ′(x∗) = cf (x∗) > 0.

• Basic repeated-game intuition that for δ high bilateral punishment
can enforce efficient allocation fails here.

• At efficient level the marginal future value of a trader to the city is
zero, but the cost of services to the trader is positive.
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Game 2: informationally isolated small groups of traders

• Traders only observe past interactions of their friends.
• Allows for uncoordinated multilateral punishment.

• Whenever a set of agents T is cheated, set T̂ ⊃ T are informed.

• Assume there exists K finite such that µ(T̂ ) < Kµ(T ) for all T .

• Proposition 2. No Nash equilibrium of this game can support
honest trade (εt = 0) at the efficient level (xt = x∗) regardless of
the levels of c , τ, κ or δ.

• Proof: as before; total payoff from deviation is at least

f (x)[τ − c(1− ε)] + γ(τ − c)f (x(1− Kε))

and derivative at ε = 0 is

cf (x∗)− γK (τ − c)x∗f ′(x∗) = cf (x∗) > 0.

• Limited word-of-mouth communication is not enough to enforce
efficient trade.
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Game 3: Guild with coordinating ability

• Introduce an organization which can make public announcements.
• Allows for coordinated multilateral punishment.

• Whenever a set of agents T is cheated, guild learns with probability
α(T ) ≥ µ(T ).

• When guild learns of cheating, they announce non-binding boycott.
• Proposition 3. If c ≤ γ(τ − c) then following strategies form

Markov-perfect equilibrium:
• City doesn’t cheat unless boycott is announced; always cheats

otherwise.
• Traders offer to trade in a period if and only if no boycott has ever

been announced.

• Proof: Profits from cheating a share ε of traders are at most

f (x)[τ − c(1− ε)] + (1− ε)γ(τ − c)f (x).

• With group enforcement, its average rather than marginal profits
which determine city’s incentives.

• But permanent punishment seems counterintuitive.
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After the boycott: bilateral enforcement in Game 1

• Suppose that even in a boycott merchants can trade with city, but
now cannot rely on guild for coordination.

• Consider strategies in which
• City cooperates with just those traders it has never cheated.
• A trader offers to trade if and only if she hasn’t been cheated.

• Proposition 4. For f (.) concave, these strategies form an SPE
when the volume of traders is x and taxes τ iff for all y ≤ x :

0 ≥ cf (y)− γ(τ − c)yf ′(y).

• Proof: consider subgame after x − y traders depart.
• If cheating ε players, payoff of city is

g(ε; y) = [τ − (1− ε)c]f (y) + γ(τ − c)f (y(1− ε)).

• This is concave in ε and its derivative non-positive at ε = 0.
• Bilateral enforcement can support partial trade.
• The better bilateral enforcement, the lower the power of the guild.
• Similar logic underlies predictions on how formal institutions

sometimes reduce effectiveness of informal arrangements.
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