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Outline for today

1 Backward induction
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4 Application: Rubinstein-Stahl bargaining
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1. Backward induction

• NE is too loose because a player may be able to deduce opponents’
off-path play if she knows their payoff functions.

• This leads to backward induction and subgame-perfect equilibrium.

• Backward induction in finite games of perfect information: deduce
play at end of tree and work back.

• BI is a refinement of NE.

• Theorem (Kuhn 1953, Zermelo). A finite game of perfect
information has a pure-strategy NE.

• BI: each info set is a decision problem where an optimal choice exists.
• Result relies on finitely many periods and actions, and perfect

information.

• Concerns with BI:
• As with ISD, long chains require many levels of knowledge and small

probability of mistakes.
• BI places restrictions on nodes never reached. Not clear players

should follow BI at these nodes.
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2. Subgame-perfect equilibrium

• Definition. A proper subgame G ′ of G consists of a single node x
and all its successors in G , with same precedence relation (a
“subtree”), and property that if y ∈ G ′ and z ∈ h(y) then z ∈ G ′.

• G ′ doesnt “cut up” any of the info sets of G .
• Info sets and payoffs are inherited from G .
• If it contains a node y must contain all of its successors.
• G is always a proper subgame of G .

• Definition. A behavior strategy profile is a subgame-perfect
equilibrium of G if its restriction to G ′ is a NE for every proper
subgame G ′.

• SPE implies NE, and in one-shot simultaneous-move games SPE=NE.
• SPE=BI in finite games of perfect information.
• SPE implies not only that players expect NE in all subgames, but also

that they expect the same NE.

• SPE is used in most of applied game theory.
• Need not arise from knowledge of rationality or from learning;
• But no comparably restrictive concept exists that seems better.
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3. One-stage deviation principle

• To check if profile is SPE, sufficient to check that no profitable
single-stage deviations exist.

• Note, in multi-stage games with observed actions each stage starts a
new subgame.

• Recall that ht = (a(0), a(1), ..., (a(t − 1)) ∈ Ht is a history at the
start of period t.

• Theorem. In a finite multi-stage game with observed actions, s is a
SPE iff there is no i and ŝi that equals si except at a single (t, ht)
such that ui (ŝi , s−i |ht) > ui (si , s−i |ht).

• When checking for deviations at ht , we only need to look at strategies
that deviate in period t, not further down the tree.

• Outline of proof for sufficiency:
• Consider s ′i that is better than si in some subgame.
• By assumption s ′i is not better than strategy that plays like s ′i but

replaces every “last deviation” with play of si .
• Work backward to conclude s ′i wasn’t better than si .
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SPE in infinite-horizon games

• When horizon is long, often modeled with an infinite horizon.
• Payoffs assigned to “terminal histories” H∞.
• Key property is not that these games go on forever, but that they

have no known finite length.
• Example: each period game ends with probability γ > 0.

• Definition. Multi-stage game is continuous at infinity if for each i ,
limt→∞ suph,h′ agree for first t periods |ui (h)− ui (h′)| = 0.

• Distant future doesn’t matter very much.

• Theorem. In infinite-horizon multistage games with observed
actions that are continuous at infinity, a profile is SPE iff there are
no profitable 1-stage deviations.

• If there is a profitable deviation, there must also be one of finite
length because distant future is negligible.

• Then apply argument for finite horizon games.
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4. Rubinstein-Stahl bargaining

• Players need to agree on how to share a pie of size 1.

• They take turns making offers, which are partitions (x , 1− x) of the
pie, that the other player can accept or reject.

• Once an offer is accepted, the game ends; delay is costly since
rewards are discounted by δ each period.

• Finite-horizon version (Stahl) can be solved by BI.
• Last proposer demands whole pie.
• Previous period’s responder accepts δ or higher, so proposer demands

1− δ; etc.
• But prediction sensitive to whether number of periods is even or odd.

• For infinite-horizon version, consider strategy of asking x∗ where
1− x∗ = δx∗.

• Easy to check this is SPE using one-stage deviation principle.
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Uniqueness of equilibrium

• By stationarity of the game, set of SPE in any subgame which starts
with player i is the same.

• Let v 1 and v̄1 denote lowest and highest payoffs player 1 can get in
any SPE.

• Consider a date when 2 makes an offer.
• 1 accepts any offer above δv̄1 and rejects any below δv 1.
• Thus 2 can secure at least 1− δv̄1.
• 2 gets at most 1− δv 1.

• Consider a date when 1 makes an offer.
• Then v̄1 ≤ 1− δ(1− δv̄1) given the lower bound on 2’s value.
• Also v 1 ≥ 1− δ(1− δv 1) given the upper bound.

• Combining these implies

v 1 ≥
1− δ
1− δ2

≥ v̄1.
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