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1. Properties of Nash equilibrium

• Consider a sequence of finite games Gn with same strategy space S
and utility functions un

i .

• Suppose that un
i → ui as n→∞, and denote the limit game by G .

• Theorem. If σn is NE of Gn and σn → σ as n→∞, then σ is NE
of G .

• Proof is similar to proof that Nash correspondence has closed graph.
• Theorem says equilibrium set cannot shrink. Can it grow?

• For “generic” payoff functions, there is an odd number of NE.

• A generic function from [0, 1] to [0, 1] has an odd number of fixed
points.
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2. Extensive form games

• So far strategies are either abstract objects or one-shot uncontingent
actions.

• Now: interpret strategies as “complete contingent plans” that
specify action in every situation that could possibly arise in game.

• Requires precise formulation of “rules of the game.”

• A game in extensive form must specify:

1 The set of players {1, 2, ..., I}.
2 Who moves when.
3 Feasible choices at each decision point.
4 What players have observed when they move.
5 The payoffs to every possible outcome.
6 The probability distribution over any exogenous random event.
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Game tree

• Definition. A tree is a finite collection of nodes X partially ordered
by a “precedence relation” �, where x � x ′ means x before x ′.

• A partial order is asymmetric and transitive (hence rules out cycles),
but need not be complete.

• All games have an initial node 0 ∈ X that is before all others,
sometimes assigned to “Nature” to represent exogenous uncertainty.

• Assumption. Each node except the initial node has a unique
immediate predecessor.

• The predecessors of x are {x ′|x ′ � x}. An immediate predecessor of
x is a node that comes before x with no intervening nodes.

• Assumption guarantees that there is a unique path to each node, so
that nodes are a complete description of the history of play.

• Terminal nodes have no successors, i.e., nodes x for which there is
no x � x ′.

• Let Z denote the set of terminal nodes.

• Players’ payoffs are given by functions ui : Z → R.
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Actions and information sets

• For players’ moves, assume there is a function i from X \ (Z ∪ 0) to
{1, 2, ..., I}: player i(x) moves at node x .

• Actions are identified with the path from one node to the next.

• A(x) is the set of feasible actions at x .
• Same actions may be available at multiple nodes.
• See FT for formal details.

• Information sets h in H partition the decision nodes; h(x) denotes
the element of the partition that contains x .

• These model what players have observed when they move. Player
moving at x does not know if true state is x or some other x ′ ∈ h(x).

• Assumption: x ′ ∈ h(x) implies that i(x) = i(x ′) and A(x) = A(x ′).

• Exogenous uncertainty is modeled by a probability distribution over
moves by “Nature.”

• Can be modeled either as one big move at node 0 or several small
ones throughout the tree.
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Important classes of extensive form games

• Games of perfect information.

• Every information set is a singleton.
• Random moves by nature are allowed.

• One-shot simultaneous-move games.

• Each player has a single information set, and no player knows the
others’ moves when making his/her own choice.

• The precedence relation in the game tree need not correspond to
calendar time.

• Games of perfect recall.

• No player ever forgets anything they once knew, and all players know
their own past moves.

• Almost always assumed, both because it seems reasonable and
because analysis becomes difficult without it.

• In practice: only write out the game tree in small examples. For
large games use a formal or verbal description.
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Multi-stage games with observed actions

• These games can be parsed into ”stages,” with every information set
assigned to exactly one stage, so that:

1 At each stage all players move at most once and simultaneously (i.e.,
no player moving at k knows about any other move at k).

2 All players at stage k know the actions taken in all past stages (i.e.,
each player has a different info set at k for each possible sequence of
past actions).

• Notation:
• Denote i ’s actions at stage k by aki .
• The profile of actions at k is then ak .
• The history of play up to stage k is hk = a1, a2, ..., ak−1.

• Examples:

• Any game of perfect information.
• Repeated games with observed actions.
• Timing games which we’ll explore later.

• Multi-stage structure is tractable for backward induction and
dynamic programming.
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Strategies and equilibrium in extensive form games

• We can identify a strategic form with extensive form and then apply
strategic-form concepts like NE.

• Let Hi = {h ∈ H|i(h) = i} be the info sets belonging to i and
Ai = ∪hi A(hi ) the set of i ’s actions.

• A pure strategy for i is a map si : Hi → Ai such that
∀hi , si (hi ) ∈ A(hi ).

• The space of pure strategies of i is Si = ×hi A(hi ).
• So the number of i ’s pure strategies is

∏
hi

#A(hi ).

• Given a strategy profile we compute the probability distribution over
terminal nodes ρ(s) and so the expected payoffs ui (s).

• This is the strategic form associated with the given extensive form.

• A pure strategy NE of an extensive-form game is a strategy profile
s∗ such that for all players i ui (s∗) = maxs′i ui (s ′i , s

∗
−i ).

• Same definition as before. Applies even if players do not choose their
actions simultaneously.
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3. Issues with NE in extensive form games

1 The set of derived strategic-form strategies may be “too big.”
• Two pure pure strategies si and s ′i of an extensive-form game are

equivalent if for all s−i , ρ(si , s−i ) = ρ(s ′i , s−i ).
• Reduced strategic form is obtained by identifying equivalent

strategies. Has same NE.

2 Two different ways of thinking about randomized play: mixed vs
behavior strategies.

• Kuhn’s theorem says these are essentially equivalent.

3 NE implicitly supposes that players learn the off-path play of
opponents, which they might not do in some cases.

• This motivates less restrictive solution concepts such as
self-confirming equilibrium.

4 NE may be too weak: if players know opponent payoff functions
they may view some strategies as empty threats.

• Motivates more restrictive refinements such as subgame-perfect
equilibrium.
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Mixed strategies and behavior strategies

• A mixed strategy σi ∈ ∆(Si ) is a probability distribution over pure
strategies.

• “One big randomization.”
• Has

∏
hi

#A(hi ) components and one linear constraint.

• A behavior strategy bi ∈ ×hi ∆(A(hi )) specifies a probability
distribution over actions in A(hi ) for each hi ∈ Hi .

• “Many small randomizations.”
• A vector with

∑
hi

#A(hi ) components and #Hi linear constraints.

• Thm. (Kuhn) In a game of perfect recall, every mixed strategy is
equivalent to the behavior strategy it generates, and every behavior
strategy is equivalent to every mixed strategy that generates it.

• Here two strategies are equivalent if they generate the same
distributions over terminal nodes as a function of opponents’ play.
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NE may be too restrictive in extensive-form games

• Suppose equilibrium is steady state of adaptive process which
satisfies

• Players maximize expected payoff given beliefs (strategic myopia);
• Beliefs converge to observations (asymptotic empiricism).

• In one-shot simultaneous move game, any steady state is a NE.

• Need not be in extensive form game because beliefs may be false off
the equilibrium path.

• For a given strategy profile, an info set is “reached” if it has positive
probability and “unreached” or “off-path” otherwise.

• Definition. Mixed profile σ is a self-confirming equilibrium (SCE) if
for each i and si with σi (si ) > 0 there are beliefs µi (si ) such that

1 si maximizes i ’s payoffs given beliefs µi ;
2 µi (si ) is consistent with what i sees on path of (si , σ−i ).

• More formally, µi (si ) assigns probability 1 to to actual play at info
sets reached by (si , σ−i ).

11 / 12



4. Backward induction

• NE is too loose because a player may be able to deduce opponents’
off-path play if she knows their payoff functions.

• This leads to backward induction and subgame-perfect equilibrium.

• Backward induction: deduce play at end of tree and work back.
• BI is a refinement of NE.

• Theorem (Kuhn 1953, Zermelo). A finite game of perfect
information has a pure-strategy NE.

• BI: each info set is a decision problem where an optimal choice exists.
• Result relies on finitely many periods and actions, and perfect

information.

• Concerns with BI:
• As with ISD, long chains require many levels of knowledge and small

probability of mistakes.
• BI places restrictions on nodes never reached. Not clear players

should follow BI at these nodes.
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