
Final exam 2016

Game theory and applications

The exam is three hours long. Try to answer all questions, but move on if

you get stuck. You can get partial credit on all parts. Good luck!

1. Short questions (20 points, 4 each)

Answer each of the following questions briefly. Please show your calculations and provide

rough explanations where you can’t give formal statements so we can give you partial credit.

(i) Is the claim true or false? If true explain why, if false give a counterexample.

Claim: A weakly dominated action cannot be used with positive probability in any Nash

equilibrium.

(ii) Find all of the Nash equilibria of the following game.

A B C

U 0,5 3,1 3,0

M 3,1 1,3 0,1

D 2,0 0,0 0,2

(iii) Consider the two-player simultaneous-move game in which each player names an

integer, and the player who names the larger integer wins a price. (They split the price in

case of a tie.) Does this game have a Nash equilibrium in pure or mixed strategies? Why

doesn’t the Nash-existence theorem covered in class apply here? Where might the proof of

that theorem break down?

(iv) Find the Nash equilibrium of the simultaneous-move game in which player 1 chooses

a1, player 2 chooses a2, both of which are real numbers, and payoffs are u1(a1, a2) =

(3− a2)a1 − a21 and u2(a1, a2) = (4− a1)a2 − a22.

(v) Draw the game tree and find the set of subgame-perfect equilibria in the following

game. Player 1 moves first and chooses A, B or C. If she chooses A the game ends and

both players get 1. If she chooses B or C, then player 2 gets to move. Player 2 cannot

distinguish between B and C, and chooses between L and R. Payoffs are (0,0) after L and

(3,3) after R (irrespective of whether player 1 chose B or C).
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2. Trust game (20 points, 5 each)

Consider the following game about trust that has been played in many experiments.

The experimenter starts by giving player 1 ten dollars and player 2 zero dollars. The

experimenter then asks player 1 how many dollars (which can be any real number between

zero and ten) he is willing to give back to help player 2. If he chooses to give x dollars

back to the experimenter, then the experimenter gives 3x dollars to player 2. Subsequently,

player 2 has the opportunity to give any or all (or none) of the money he has received to

player 1.

What seems to happen when subjects play this game in experiments is that player 1

gives some, but not all of the money back to the experimenter.

(a) Assume that the two players only care about their own monetary payoffs. Draw the

game tree and find the subgame perfect equilibrium strategy profile of this game. Does

this correspond to what happens in experiments?

(b) Does the game have a Nash equilibrium in which the players receive higher payoffs?

(c) Suppose we modified the game so that after the two stages above player 1 could

choose to punch player 2. Suppose that punching would reduce player 1’s utility by 1 dollar

and reduce player 2’s utility by 5 dollars. Would this change your answers to parts (a) and

(b)? Which of these two predictions seems more reasonable to you?

(d) A possible explanation for the experimental results is that the players may be

altruistic. Show that the simplest representation of altruism—each player maximizing a

weighted sum of his own dollar payoff and the other player’s dollar payoff—can not account

for the experimental regularity in subgame perfect equilibrium except for one very special

(and not compelling) choice of the weights.

2



3. Political decision-making (20 points, 4 each)

Consider the following model. Player 1, the “committee” observes the state of the

world ω, which is uniformly distributed over [0, 1], and proposes a policy a1 ∈ R. Player 2,

the “floor” observes a1 but not ω, and then can choose any policy a2 ∈ R. The outcome

given policy a2 is x = a2 + ω. Preferences of the committee are u1 (x) = − (x− xc)2 for a

given parameter xc, and preferences of the floor are u2 (x) = −x2. Note, these quadratic

preferences imply that the the floor always chooses a2 = −E [ω|a1] where the expectation

is with respect to the posterior beliefs of the floor after observing a1.

(a) Plot the utility function of both the committee and the floor as a function of x. Is

the strategy profile of a1 = −ω and a2 = a1 a perfect Bayesian equilibrium when xc = 0 ?

When xc 6= 0? Why?

(b) For any xc, construct a “ babbling” PBE in which a1 is uninformative and a2 = −1/2.

Be sure to specify the beliefs of the floor and the action of the committee in this PBE.

For the rest of the problem, we look for an “informative” PBE, in which the committee

reports “low”, say aL, when ω ∈ [0, ω∗] and reports “high” say aH , when ω ∈ (ω∗, 1].

(c) Assuming that the committee behaves as specified, what are the posterior beliefs of

the floor about ω after observing aL? After observing aH? What policy does the committee

choose after aL and after aH?

(d) For any given ω, what is the expected utility of the committee from reporting aL?

From reporting aH?

(e) Show that in a PBE, the committee should be indifferent between aL and aH when

ω = ω∗. Solve for ω∗. Under what condition on xc can this informative PBE exist? What

is the intuition? Specify beliefs after all a1 ∈ R to verify that when the condition on xc
holds the proposed strategies can indeed be supported by a PBE.
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4. Two-period public good game (20 points, 4 each)

In each of two periods t = 1, 2, two players simultaneously decide whether to contribute

to the period-t public good. In a period each player derives a benefit of 1 if at least one of

them contributes and zero otherwise. Player i’s cost of contributing in a period is ci which

is constant over periods. Thus per-period payoffs are as follows.

Contribute Don’t

Contribute 1− c1, 1− c2 1− c1, 1
Don’t 1, 1− c2 0, 0

We assume that payoffs are discounted so that player i (i = 1, 2) maximizes vi(1)+δvi(2)

where vi(t) is her payoff in period t and 0 < δ < 1. The cost ci of player i is known only

to i. Both players believe that ci are drawn independently across players from a uniform

distribution on [0, 2]. Recall, for each player i, ci is the same in the two periods.

Consider some fixed PBE. Our goal is to characterize some of its basic properties.

(a) In our PBE, let zxy2 denote player 2’s second-period probability of contributing

conditional on whether player 1 contributed or not (x = 1 or 0), and player 2 contributed

or not (y = 1 or 0) in the first period. Express with c1 and zxy2 the payoff of player 1 in the

second period if she chooses to contribute (after having observed xy in the first period).

Also express her payoff if she chooses to not contribute. Show that in the second period

player 1 follows a cutoff strategy. That is, there exist ĉxy1 such that in the second period

(after observing xy in the first) player 1 contributes if c1 < ĉxy1 and does not contribute if

c1 > ĉxy1 .

(b) Now roll back to the first period. Let zi denote player i’s first period unconditional

probability of contributing. Show that the lifetime payoff of player 1 if she chooses to

contribute in the first period can be written as

U1(C|c1) = (1− c1) + δ
[
z2 max(1− c1, z112 ) + (1− z2) max(1− c1, z102 )

]
.

(c) Derive an analogous expression for the lifetime payoff of player 1 if she chooses to

not contribute in the first period. Use these two expressions to show that also in the first

period players follow cutoff strategies. Specifically, there exist ĉi such that player i chooses

to contribute in period 1 if ci < ĉi and not contribute if ci > ĉi.

(d) Show that ĉi ≤ 1 for each i. To do this, suppose for a contradiction that ĉ1 > 1.

Argue that player 1 not contributing in the first period will induce “maximal contribution”

by player 2 in the second period. Use this to derive a contradiction when c1 is slightly

above 1.

(e) Show that ĉi > 0. In which step during the solution of the problem did you use that

costs are uniformly distributed?
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